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Is There a Circle that Passes Through a Given Number of Lattice Points?
HIROSHI MAEHARA AND MAKOTO MATSUMOTO
It is proved that for any integer n  0, there is a circle in the plane that passes through exactly n
lattice points.
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In his problem book [1] for high school students, Steinhaus proved that for any integer n  0,
there is a circle in the plane that encloses exactly n lattice points. Here we prove the next.
THEOREM. For any n  0, there is a circle that passes through exactly n lattice points.
LEMMA. For any k  0, the number of integral solutions .X; Y / of the equation
X2 C Y 2 D 5k (1)
is equal to 4.k C 1/.
PROOF. Let us count, instead, the number of gaussian integers z 2 ZTiU satisfying jzj2 D 5k .
Suppose that z 2 ZTiU satisfies jzj2 D 5k . If k  1 then, since 5 D .1 C 2i/.1 − 2i/ divides
5k D z Nz and since 1C 2i , 1− 2i are primes, z is divisible by one of 1C 2i , 1− 2i . Hence we
can write z as
z D u.1C 2i/s.1− 2i/k−s; (2)
where 0  s  k and u 2 f1;ig. Since arg.1C2i/

is irrational, by varying s and u in the
expression (2), we obtain exactly 4.kC1/ distinct solutions z 2 ZTiU, of the equation jzj2 D 5k .
This lemma also follows directly from the following remarkable result due to Jacobi: the
number of integral solutions of X2 C Y 2 D m is equal to four times the excess of the number
of divisors of m of the form 4 j C 1 over those of the form 4 j C 3. 2
PROOF OF THEOREM. First, the even case n D 2.k C 1/. Consider the circle represented
by the equation
.2x − 1/2 C .2y/2 D 5k : (3)
The number of integral solutions of (3) is equal to the number of integral solutions .X; Y / of
(1) in which X is odd. Since such solutions comprise half the solutions of (1), equation (3) has
2.k C 1/ D n solutions. Hence the circle represented by (3) passes through exactly n lattice
points.
Next, the odd case n D 2‘C 1. Let k D 2‘. Then, since 5k D 25l  1.mod 8/, any integral
solution .X; Y / of (1) must satisfy either X  1, Y  0.mod 4/ or X  0, Y  1.mod 4/.
Now, consider the circle represented by the equation
.4x − 1/2 C .4y/2 D 5k : (4)
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The number of integral solutions of (4) is equal to the number of integral solutions .X; Y / of
(1) such that
X  −1.mod 4/: (5)
If .X; Y / D .A; B/ is an integral solution of (1) with A 6D 0, B 6D 0, then
.A;B/; .B;A/
are eight distinct solutions of (1), and just two of them satisfy (5). On the other hand, in the
four solutions .0;5‘/, .5‘; 0/ of (1), just .−5‘; 0/ satisfies (5). Hence the number of those
integral solutions .X; Y / of (1) that satisfies (5) is equal to
4.k C 1/− 4
4
C 1 D k C 1:
Hence the circle (4) passes through exactly k C 1 D n lattice points. 2
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